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1 Introduction 

Let (M",(7) denote a compact smooth Riemannian manifold with no boundary 
of dimension n > 3. The Yamabe problem is to search a metric g in the conformal 
class [g] of g such that g has a constant scalar curvature Rg = c. Write g = u^-'^g. 
The Yamabe problem is equivalent to solve 

—LgU = cu"~^, u>0 in M, (1) 

where Lg = Ag — -^^Rg is the conformal Laplacian of g, and c = —1, 0, or 1. 
Let 01 be a positive eigenfunction of the first eigenvalue Ai of —Lg, i.e. 



Ai = inf 



SM\^<P\l + ^)R,<f dvolg 



<f>&m{M)\{Q} Jj^jcf)'^ dvolg 

and —Lgipi = Ai0i. A direct calculation yields that 

71—2 -"-^ 77—2 

4>r^g 4(n - 1) 4(n - 1) 

4 

After replacing g by (pi'^g, we assume the scalar curvature of the background 
metric g has a definite sign, that is, either 
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Rg > 0, or Rg = 0, or Rg < 0. 
Consider the functional 



AIL 



n-2 



M is a solution of the equation (1), then m is a critical point of the above functional 
Q. It is a simple consequence of the Holder inequality that 

A(M",t/):= inf 2(0) > -oo. 

In [24], Yamabe approached the problem by attempting to prove that a minimiz- 
ing sequence of Q will converge to a minimizer. Trudingcr ([22]) pointed out that 
the convergence failed on the standard sphere {S"' , ground) , and Trudinger was able 
to fix Yamabe's arguments when X{M"',g) < 0. In general, we know 

X{M-,g)<X{S^, ground). 
In([l]), Aubin proved the convergence of the minimizing sequence if 

X{M\g)<X{S'', ground). 

When the manifold M" is not locally conformally fiat, it was proved by Aubin, for 
n > 6, and that by Schoen, for n = 3,4,5, that X{M"',g) < X{S"' , ground) . When 
the manifold is locally conformally flat and not conformally diffeomorphic to the 
standard sphere, Schoen estabhshed the compactness result of the solutions to the 
equation (1) using a deep result of his joint work with Yau in [21], therefore confirmed 
the existence of the solutions. 

For (M",g(), an n— dimensional(n > 3) smooth Riemannian compact manifold 
with boundary, a similar problem is to look for a metric g G [g] having constant 
scalar curvature on M" and constant mean curvature on the boundary dM. Let 

4 

g — u^-'^g. The problem is equivalent to searching a solution of the following 
equation 

n+2 

I —LgU = ci'U"-2 on M"^ 
BgU = C2u'^ on (9M, 

where the boundary operator Bg = + hg, hg is the mean curvature of g w.r.t. 

the unit outer normal and Ci, C2 denote two constants. When C2 = 0, the 
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problem is variational. In fact, the equation (2) is the Euler- Lagrange equation of 
the functional 

Im mi + ^)R9^' dvol, + ^ U K<t^' dS, 



and we have 

\{M,g):^ inf TU) > -oo. 
Cherrier ([3]) proved that the inf is achieved by a smooth positive function if 

\{M,g)<\{Sl, ground), (3) 

where {S'^, ground) is the standard half sphere. When C2 = in the equation (2), 
Escobar ([6]) obtained the existence of the solution for a large class of manifolds by 
achieving (3). For the general constant C2, let 0i be a smooth positive function of 
the eigenvalue problem 

r -Lg(j)i = Ai0i on M" 
Bg(f)i = on dM, 



where 



Then 



. , Im |V0|^ + ^R,<P' dvolg + ^ h,<P' dSg 
<t>eH^{M)\{o} Jj^^cl)^ dvolg 

R 4 ^ i(!^i)Ai0p on 
^ h ^ = on dM. 
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Replacing g by g, we may assume one of the following three cases holds, i.e., 

Rg > 0, Rg< 0, Eg = 0. 

or or 

hg^O hg^O hg^O 

We say the equation (2) is of positive/negative/zero type if Ai as defined in (4) is 
positivc/negative/zero respectively (see [12] for more discussion). When C2 = 0, by 
the Hopf lemma, the positive/negative/zero type implies that Ci > 0/ci < 0/ci = 0. 
In [7], Escobar proved that the equation (2) is solvable for some C2 > and some 
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C2 < under certain hypothesis. In [12], and [13], Han and Li confirmed the 
existence of the solutions to the equation (2) when the manifold is of positive type 
and is locally conformally flat with umbilic boundary or with non totally umbilic 
boundary of dimension n > 5. In this paper, we will study the equation (2) of 
negative type. More generally, we will study a fully nonlinear version of the negative 
type being stated as follows. 

Let RiCg denote the Ricci tensor of g. Consider the modified Schouten tensor of 
g as introduced in [18] 

Ai := -^{Ric, - n), t < 1. 

Note that = RiCg and = Ag is the Schouten tensor (see [5]). Schouten 
tensor as a (0,2) tensor appears in the decomposition of the Riemann tensor, i.e., 
the Riemann tensor can be decomposed as the direct sum of the Weyl tensor and the 
Kulkarni-Numizu product of Ag with g. In [18], we introduced ^4* up to a constant 

multiple. In fact, we introduced the tensor sAg + ^^^^g = sA* with t — n — 1 — 
Assume that 

F C -R" is an open convex symmetric cone with vertex at the origin (5) 
satisfying 

n 

r„ := {A = (Ai, • • • A„) e Ai > 0, • • • A„ > 0} c r C Li := {A e ^ Ai > 0}, 

1=1 

(6) 

where F being symmetric means that 

(Ai,---A„)eF^(A,„---AiJeF 

for any permutation (ii, ■■■,«„) of (1, • • • , n). 

For do G (0, 1), assume that 

/ e C^'"°(F) n C°(r) is concave, homogeneous of degree 1 and symmetric in \, 

(7) 

satisfying 

/|ar = 0, V/eF„ on F, (8) 
hm/(sA) = oo, AeF, (9) 

and 
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in n 

/(A)<3E^^' E/A.(A)>e on the level set {/ = 1} (10) 
^ i=i 1=1 

for some constant e > 0. 

Notice that / is homogeneous of degree 1. Therefore fx^ is homogeneous of degree 
and the above assumption (10) also holds in F. 

Let Ag(/1*) denote the eigenvalues of w.r.t. the metric g. A fully nonlinear 
problem of negative admissible curvature is to look for a metric g e [g] solving 

fi-xMD) = 1^ -A^(4)er on M 

^ hg = c on dM, ^ ' 

if —Xg{Ag) G r on M and hg < on dM, where c is a constant. 

1 

When (/, r) = (a^jFfc), the problem is the k—th Yamabe problem of negative 
admissible type, where 

<^ik(A) = E K---Xi,, Tk := {A e i?"|(7i(A) > 0, • • • , ^^(A) > 0}. 

l<ii<---<ik<n 

1 

It is well-known that {a^,Tk) satisfies assumptions (5)-(10). In particular, when 
k = 1, the problem (11) is equivalent to solving the equation (2) of negative type. 
This is because f7i(— Ag(A|))) = ~~2(1 ~ 2{n-i) assumption —Ag(A*) G 

Ti, hg < is to say that Rg < and hg < 0, which implies that Ai < by taking 
= 1 in (4). Conversely, if the equation is of negative type, we can assume Rg < 

4 

and kg — 0. Clearly the solution u of the equation (2) also gives a solution g — u^-'^ g 
to the problem (11). 

In [9], Gursky and Viaclovsky proved that, for t < 1, there exists a unique 
solution g G [g] solving 

<7,(-A^(4)) = 1, -A^(4) G r, 

if the compact manifold of dimension n > 3 has no boundary and — Ap(A*) G r^. 
Theorem 1.1 Let {M"',g) be an n— dimensional (n>3) compact smooth Rieman- 
nian manifold with dM ^ 0, and let (/, F) he a pair satisfying (5)-(10). Assume 
that —Xg{A^g) E T on M and hg < on dM. Then, for c < and for t < 1, there 
exists a unique solution g — e^'"g solving the problem (11). Moreover, 

where C > is a universal constant depending only on (M", g), (/, T), a, t, and \c\. 
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The next theorem is a more general result. 

Theorem 1.2 Let {M"',g) he an n— dimensional (n>3) compact smooth Rieman- 
nian manifold with DM ^ 0, and let (/, F) he a pair satisfying (5)-(10). Assume 
that -\g{A\) eT onM andhg<0 on dM. Given any < (j) e C'^''^'\M'") and any 
> ip & C^'"'^{dM), then, for t < 1, there exists a unique solution g — e^'"g solving 

/(-A^(4)) = 0, -A^(4)er on M 

^ hg ^ ij on dM. ^ ' 

Moreover 

where C > is a universal constant depending only on {M"',g), (/, T), (p, ip, a, and 
t. 

In the above theorems, we do not assume the boundary dM is umbilic or the 
manifold is locally conformally flat near dM, so when we establish the a-priori es- 
timates on the boundary, we can not assume dM is totally geodesic, which offers a 
very useful geodesic normal coordinates, i.e., locally, one direction of the geodesic 
normal coordinates is the normal direction and all the other directions of coordinates 
are the tangent directions of dM. On the general manifolds, the lack of such co- 
ordinates causes the a-priori estimates much more difficult to obtain. The Yamabe 
problem of the negative case can avoid this particular assumption on the bound- 
ary of the manifold since the problem is variational and the minimizing sequence is 
convergent. However, our problem (12) may not even be variational. To overcome 
this difficulty, we introduce a very useful coordinates near dM in Section 4, called 
the tubular neighborhood normal coordinates. Such coordinates allow us get rid of 
the assumption of the umbilic boundary, which is very important in the following 
theorem. As an application of the above theorems, we affirm the existence of certain 
Riemannian metrics on a general compact smooth differential manifold with some 
boundary. 

Theorem 1.3 Let (/, T), (f),ip he as in Theorem 1.2. Any compact n— dimensional 

(n > 3) smooth differential manifold with some houndary always admits a smooth 
Riemannian metric g with the negative Ricci tensor satisfying 

f det{—RiCg) = 1 on M, 
hg = Q on dM. 

More generally, for t < 1, any compact n— dimensional (n > 3) smooth differential 
manifold with some boundary always admits a C^'"o Riemannian metric g satisfying 
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{ 



/(-A,(4)) 

hg 



ip on dM. 



0, -\g{A^g) e r on M 



We want to point out that a similar problem of positive admissible curvature has 
been studied by quite a few people and many important results have been obtained 
such as [2], [10], [11], [14], [17], [18], [20] and the references therein. If we write 
the equation (1.3) in v with g — e^'"g. Then the equation becomes a fully nonlinear 
elliptic equation in v with the exact form being given in section 2. In general, fully 
nonlinear elliptic equations involving f{X[D'^v)) have been studied by Caffarelli, 
Nirenberg and Spruck ([4]) and many others. Fully nonlinear equations involving 
/(A(V^t' + g)) have been investigated by Li ([16]), Urbas ([23]) and others. 

We organize our paper as follows. In section 2, we present some prerequisites 
and prove the uniqueness of the solution. We establish the C° estimates in section 
3. In section 4, we introduce the tubular neighborhood normal coordinates and 
discuss some of its properties. In the next two sections, we use such coordinates to 
derive the gradient estimates and the Hessian estimates. In section 7, we establish 
the existence of the solution to the equation (12). In the last section, we prove the 
Theorem 1.3. 

Acknowledgment: The first author would like to express her appreciation to 
Professor Yanyan Li for his valuable suggestions on possible topics to work on. 

2 Uniqueness 

For g E [g], write g = e^^g. We have the conformal transformation 




— V 



where S- 



is the unit outer normal of g on dM and 



1-t 



{\v)g + 



2-t 



Vvigg' — dv <S> dv. 



n-2 



2 



The equation (12) is equivalent to solving 



{ 




0(x)e2^ Xg(w^-Al)er on M 
e"ip{x) on dM. 



(13) 
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Proof of the Uniqueness. In this section, we give an independent proof of the 
uniqueness of the solution for t < 1 even though we can see this later from the 
method of continuity and a suitable homotopy ior t < 1. Let Vi, V2 be two solutions 
of the equation (13), and let gi = e'^'"^g for i = 1,2. Write g2 — e^^gi with w — V2—V1. 
Then V2 is a solution of the equation (13) is to say 

r /(A.i(^^'-4i)) = ^i^y"^ V(W^9^-4i)er on M 
hg^ + = e'^tpix) on dM, 

where ^ is the unit outer normal w.r.t. gi on dM. 

Note that vi is also a solution of (13), so hg-^ = ip and the above equation becomes 

r f{X,,{WZ-AlJ) = 0(x)e2- Xg,{W^^-Al)er on M 

*- w^, = (e"' - l)ip{x) on dM. ^ > 

Let wixn) — maxw. 

^ ^ M 

Lemma 2.1 w{xq) < 0. 

Proof of the Lemma 2.1 

Case 1. If Xq is an interior point of M, then V g^w{xQ) = 0, VgjW(a;o) < 0, and 

KM^) = VX^o) + ^(A,,^)(xo)^i(xo) < 0, 

ft Zi 

which, together with (8), implies that 

</.(a;o)e2-(^°) = fiXgA^l - A\,){x,)) < /(A,,(-4J(a;o)) = ^(xo), 

therefore e^'"^^"^ < 1, i.e., w{xo) < 0. 

Case 2. If xq G dM, then w,yi(xo) > 0. By the second equation in (14), we 
know that 

0<w,,{xo) = (e'"-l)(xo)^(xo), 

so either (e"" — l)(a;o) < when ipi^Xo) < 0, or w^-^{xo) = when ipi^o) = 0, that 
is, when ip{xo) < 0, we have w{xo) < 0, and when iP{xq) = 0, Wuj^{xq) = gives 
'S7g^w{xo) = 0, therefore 'S/g^w{xo) < 0. We can proceed as in case 1 to conclude 
that w{xo) < 0. Lemma 2.1 has been estabhshed. X 

Let w(yo) — minw. 
Lemma 2.2 w{yo) > 0. 
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Proof of the Lemma 2.2 

Case 1. If yo is an interior point of M, then Vgj^w{yo) = 0, Vg_^w{yo) > 0, and 

= "^iMvo) + ^{A,,w){yo)gr{yo) > 0, 

which imphes that 

0(^o)e2-(^°) = f{K{Wl - 4J(yo)) > /(A,,(-4J(yo)) = 0(1/0), 

therefore e^'^^^'o) > 1, i.e., w(yo) > 0. 

Case 2. If e 9M, then w^^(7/o) < and 

0>«;.i(?/o) = (e"'-l)(yo)V'(z/o), 

so either '?/'(?/o) < 0, we have w(yo) > 0, or -^d/o) = 0, then Wv^iy^) = 0, which 
implies that Vg^wd/o) = 0, therefore Vg^w{yo) > 0. We can proceed as in case 1 to 
conclude that w{yo) > 0. Lemma 2.2 has been established. ^ 

Combining Lemma 2.1 and Lemma 2.2, we have w = 0, that is, vi = V2- The 
uniqueness of the solution of the equation (12) has been proved. X 

Remctrk 2.1 When k — 1, c = 0, the uniqueness of the solution has been obtained 
by Cheerier in [3] and it implies that the solution must be the unique minimum point 
ofT. 

3 C° estimates 

When the manifold has some boundary, the estimate is not a trivial consequence 
of the maximum principle anymore. In this section, we obtain C° estimates by 
establishing the upper bounds and the lower bounds individually. 
Lemma 3.1 Let {M^,g) and (/, F) be as in Theorem 1.2. For t < 1, let v he a 

solution of the equation (12). Then there exists a universal constant C > 
depending only on {M^ .ig.it), (/, L), and ip such that 

v<C. 



Proof of the Lemma 3.1. In this paper, if not specified, we will use C > to 
denote a universal constant with the dependence as being described in the statement 
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of the Lemma 3.1, but may change from hne to hne. Since \g{Ag) G F C Fi and 
hg < 0, we have Rg < and hg < 0, from which, we know that (M", g) is of negative 
type. Hence we can find Qq — e^'"°g such that 

. Rg^<Q on M 
/igo = on dM. 

Write e'^'"g — e^'^go with v — v — vq. Then v satisfies 

r /(Apo(W^;o-4o)) = <^(^)e''' \o(Wl-Al)er on M 

^ < = e>(x) on dM, ^ ^ 

where ^ is the unit outer normal of go on dM. 
Let v(xn) = max({i). 

Case 1. If xq is an interior point of M, then VgQv{xo) = 0, Vl^v{xo) < and 
therefore Wg^{xo) < 0. Hence 

Kiwl-Al){xo)er 

imphes that Ago(-A*J e F. Thus by (9) and (10), 

e''(^Mxo) = f{XUK - 4o)(^o)) < /(A,„(-A*J(a;o)) 
< Ca,{\g,{-AlJ{xo)) < Cnmx{-Rg) =: C, 

so we have v{xo) < C. 

Case 2. If xq G 5M, then '0(2^o) = 0. If not, then at xq, the second equation in 
(15) implies that 

< ^^0(2^0) = e''{xo)'4'{xo) < 0, 

which is a contradiction. Thus Vuoixo) = e^{xo)ip{xo) = 0, Vg^vlxo) = 0, and 
'V^g^v{xo) < 0. We can proceed as in case 1 to obtain v{xo) < C. 

Combining the above two cases, we have v <C, which means v <C. Lemma 3.1 
has been established. X 

Lemma 3.2 Let {M'^,g) and {f,T) he as in Theorem 1.2. For t < 1, let v he a 

solution of the equation (12). Then there exists a universal constant C > 
depending only on {M"',g,t), (/, F), and ip such that 

V > -C. 
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Proof of the Lemma 3.2. Let tZ; be a smooth function such that w is the distance 
function to dM near the boundary and w takes value in [0, 1] in general. Then 
Wi,\dM = —1- Let go — e'^^°'^g with eo > being a constant to be chosen later. We 
have 



hgo = {hg + eoWu)e-'''' < -eoe"^" < 0, (16) 

and 

+ ^eQ\Vw\lg - eodw O dw] - A*), 
so we can take eo -C 1 depending only on (M", g, t, f, F) such that 



-Apo(4o)er and /(-A,o(4J)>^min/(-A,(4)). (17) 



Let V — V — €ow. Then e'^'"g — e^'"go and v solves 

r /(A.o(W;o-4o)) = '^(^)e''' KXWl-A\^)eT on M 

^ v^^ + hg^ = e"^lj{x) on dM, ^ ' 

Let t'(yo) = 

Case 1. If t/o is in the interior of M, then V(,oi;(yo) — 0, Vgj,i;(yo) > and 
W'(yo) > 0. Hence by (9), (17) and (18), 



^''^'Mvo) = /(A,o(w^;o-4o)(^o))>/(A,o(-4o)(^o)) 

M 



> imin/(A,(->l*)), 

i.e., 



^(l/o) > -min(ln(-min/(A,(-4)))) > -C. 



1 • n r 1 

- mm m — , „„. 

2 M ^ ^2(f) M 

Case 2. If yo e dM, then <(|/o) < 0. By (16) and (18 



so 

v{yo) > In ^ - eo > -C. 

Combining the above two cases, we know v > — C, hence v > —C. Lemma 3.2 has 
been proved, ift 
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4 Tubular Neighborhood Normal Coordinates 

The main issue of the gradient and the Hessian estimates is the bounds on the 
boundary of M . For this reason, we need to introduce certain coordinates near DM . 
Let g\dM be the induced metric of g on 9M, and let 5i > be the minimum of the 
injectivity radius of {M^^g) and the injectivity radius of {dM,g\QM)- Consider the 
map E : dM x [0,5i) M by E{y,t) = expy{-t-§^). Since E{y,0) = y imphes 
that, for any y e dM, dE\^y,o){X) = X for X e Ty{dM), and dE\^y,o){i) = -|; 
0. That is, dE\(^yfi^ is an isomorphism from T(^yfi^{dM x [0,5i)) — )> TyM. By the 
Imphcit Function Theorem, there exists some constant 6y G (0, 5i) such that E 
is a smooth diffeomorphism on {dM n Bsy{y)) x [0,6y), where Bsy{y) is the open 
geodesic ball of {M'^,g) centered at y with radius 6y. By shrinking Bsy{y), we can 
also assume the exponential map of {dM, g\dM) at y is a smooth diffeomorphism in 
Bsy{y) n dM. Now we extend ^ to the interior of M, still denoted by ^ such that 
^\E{z,t) = —^\{z,t) for any z G dM n Bsy{y). Then ^ is a smooth unit vector field 
■mE({dMnBsy{y))x[0,5y)). 
Proposition 4.1 For any yo e dM, 

Bs^{yo) C E[{dMnBsJyo)) x [0,5,j), 

and for any y G Bsy^{yQ), there exists a unique y G such that d{y, y) = d{y, dM). 
Moreover y G Bg^^ (t/q) H 9M. 

Proof of the Proposition 4.1 For any y G B6y^{yo), 

s:^ d{y,dM)<d{y,yo)<^-f. 
For any^GaM\55^Jyo), 

s s 

d{y, z) > d{z, yo) - d{y, Vo) > ^yo - ^ ^ 

Thus if d{y, dM) = d{y, y) for some y G dM, then ^ G dMr\Bsy^{yo). Let r(i) be 
the normalized geodesic connecting y and y such that r(0) = y and r(s) = y. Then 
|l*=o = that is y = Therefore |/ G E[{dM n Bsy^{yo)) x [0,5^j), 

and Bsy^^{y(i) C £'(^(9M 0-8^^,^(1/0)) x [0,5y,j). Recall E is a smooth diffeomorphism 

in {dM n (i/o)) X [0, 5y^,) and y G dM fl i?^^^ (i/o). Thus y is uniquely determined 
by y. The Proposition 4.1 has been proved. X 
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By the Proposition 4.1, ^ = — ^ is a smooth unit vector field in Bsy^^ iuo)- 

Moreover, in Bsy^-^ (?/o), the parameter t in E{y,t) is the distance parameter to the 

boundary of M, which can be derived more precisely as in establishing (19). Let 
{yjYIZi be the geodesic normal coordinates w.r.t. the metric g\dM at yo. Then 
{yjj^Zl is smooth and well-defined in dM (IBs (yo). For any y e BsyQ_{yo), there is 

2 

a unique y e dM such that d{y, y) = d{y, dM). By the Proposition 4.1, y e dM fl 
Bgy^ (yo)- Let (yi, • • • , yn-i) be the geodesic normal coordinates of y w.r.t. the metric 
g\dM at yo- Define (yi, • • • , y„_i, y„) as the coordinates of y with y„ = d{y,dM). 
Such coordinates are well-defined and smooth in Bsy^ (yo). The reason is that y is 

uniquely determined and y G dMr\Bsy^^{yo), which implies that y = E{y,yn). Hence 
the map from y to (y, y^) is the inverse of the smooth diffeomorphism E, therefore is 
also a smooth diffeomorphism, that is to say (yi, ■ ■ ■ , yn) is well-defined and smooth 
in Bsyf^lyo). We call such coordinates the tubular neighborhood normal coordinates 

2 

of y ai yo. Observe that fi'(^) ^) = ^ij ^^r 1 < i,j < n — 1 ai yo. Moreover, such 
coordinates has the following proposition. 

Proposition 4.2 For 1 < j < n — 1, 

Proof of the Proposition 4.2 For any y e Ssyp (yo) with (ai, • • • , a„) as its tubular 

8 

neighborhood normal coordinates at yo. Let y e 9M fl B^y^ [yo) be the unique point 
such that d{y^y) — an < Clearly y G B5yQ_{yo) since 

4 

d(y, ;.) > d{z, yo) - d{y, yo) > ^ - ^ = ^ for any zedM\Bsy, (yo). 

Let r(t) = E{y,t). Then r is smooth and well-defined for t e [0, ^yo). For 
^e[0,%),by 

d(r(t),yo) < d(r(t),y) + d(y,yo) < ^ + ^ < ^, 

there exists a unique y e dM such that 

d{r{t),y) = d{r{t),dM) =: < d{r{t),y) < t. 
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By the Proposition 4.1, y E Bsy^^{yo) n dM and E{y, d^) = r{t) = E{y, t). There- 
fore y = y and (f = t since ii^ is a smooth diffeomorphism on {dMnBs^^ ivo)) x [0, Sy^). 
Prom which, we know that (oi, • • • , a„_i, t) is the tubular neighborhood normal co- 
ordinates of r{t) at yo for t e [0, Hence, for t e [0, 

In particular. 

To prove the second statement in the proposition, we consider the set 

S:={ze Bsy,{yo)\ d{z,dM) = an}. 

8 

Clearly, y e S ^ $. For any z eS, let r{t) = E{z, t) for some z e Bsy^ {yo)ndM 

4 

such that r(0) = z and r(a„) = As derived earlier, d{r{t),dM) = t for any 
t e [0, ^), which imphes that r([0, ^)) intersects <S at a single point z — r(a„). 
Moreover, we claim that 

d{r{t),S)^t-an, VteK,^). (19) 

Notice that , for t e [a„, %), d{r{t),S) < d{r{t),r{an)) < t - an- If (19) does 
not hold, then d{r{t),S) < t — an, which implies that there exists some z & S such 
that d{r{t), z) < t — an- Therefore 

t = d{r{t), dM) < d{r{t), z) + d{z, dM) <t- an + an = t, 

which is a contradiction. Next, we claim 

d{r{t),S) =an-t, yte[0,an). (20) 

If not, then d{r{t),S) <an — t since d{r{t),S) < d{r{t),r{an)) <an — t, so there 
exists some z & S such that d{r{t), i) < a„ — t, which implies that 

an = d(z, dM) < d{r(t), z) + d{r(t), dM) <an-t + t^an, 

which is a contradiction. 
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By (19) and (20), we know r(a„) is a point in S such that d{r{an),r{t)) = 
d{r{t),S) fort e [0,^), and r is the normahzed geodesic connecting r(t) and r(an), 

f l«« = ^\iz,an) is the unit normal vector of S at r(a„) = ^, i.e., ^ = = 
is the unit normal vector of S at r(a„) = z. Let (6i, • • • , 6n-i) o„) be the tubular 
neighborhood normal coordinates of z at yo- Observe that, for 1 < k < n — 1, since 
z is an interior point of Bdy^^yo), the curve 

{(t/1, ■ ■ ■ ,yk, - ■ ■ ,yn) = ih, ■ ■■ , bk-i, Vk, bk+i, ■ ■■ ,an)} for near bk 

is contained in S, which implies that {g^l^} G T^S. Hence di^, g^) = at 2; for 
1 < k < n — 1 since = — ^ is the normal vector oi S at z. ^ e 5 is arbitrary 
and y E S, so, at y, we also have 

g( — .—)^0 iorl<k<n-l. 

oVk oyn 

The Proposition 4.2 has been proved. X 

As a simple consequence, we have 9{-^, ^) — ^ij sit yo ior 1 < i, j < n. 
Proposition 4.3 

(5,, 



{(yi,---,yn)| \/yi + --- + yl<j^, yn>o}^Bs^{yo), 

where (|/i, • • • , |/n) is the tubular neighborhood normal coordinates at yQ. 



Proof of the Proposition 4.3 For any {yi,---,yn) with \fyi-\ h < % 

and i/n > 0, there exists a unique y G Bsy^{yo) such that (yi, ■ ■ ■ , ?/„-i) is the 

16 

geodesic normal coordinates of y w.r.t. the metric g\dM at |/o- Consider r(t) = 
E(y,t). Then r{t) is smooth for t e [0,%) and r([0, %)) C Bsy^{yo). Moreover 

8 

d{r{t),dM) = t for t G [0, -j^) as shown earlier. In particular, by y„ < y = 
E{y, yn) has {yi, ■ ■ ■ , |/„) as its tubular neighborhood normal coordinates at yQ. The 
Proposition 4.3 has been proved. X 



Denote Bj^{yo) := {(|/i, ■ ■ ■ , l/„)| ^yl + ■ ■ ■ + yl < yn > 0}, which is 

16 

different from the geodesic ball Ssy^ (j/o)- The Proposition 4.3 says that Bjy^ (yg) C 



Bsy^iyo)- Since Uy^^QMBj^^ (yo) — dM and dM is compact, we can find C 

8 "64" 

dM such that U^i(5l^ {y') n 9M) = 9M. 



y 

64 
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5 Gradient estimates 

Lemma 5.1 Under the same assumptions as in Theorem 1.2, for t < 1, let v he 

a solution of the equation (12). Then there exists a universal constant C > 
depending only on {M^,g,t), (/, T), 4>, andip, such that 

\Vv\g <C on dM. 



Proof of the Lemma 5.1. Extend hg to a smooth function on M, and ■0 to a C^-"^" 
function on Af . More explanation is given in section 7. We still denote the extended 
functions by ip^hg respectively. For each 1 < i^ < N , Let {t/j}"^^ be the tubular 
neighborhood normal coordinates at i/*". Let p = p{yl + - ■ - + 2/^) be a smooth cut-off 
function satisfying 



1 , iiyeBj (yio) 
= { e[0,l] , ifyeBfl(y'°)\Bj^^iy''>) 



«'0 ^ ' ^ y"-' 
16 32 

, otherwise, 



and let ^(y) be a smooth function in -Bj satisfying 

"16" 

a(„\ _ r Vn-, if Vn < So, 
P^y^-^ e[0,2So], O.W., 

where < Sq < is a very small constant such that 1 + 25oijje^ > | on M and to 
be chosen later. Then in Bj (y'°) n dM, 

(3 = 0, ^ = -1. (21) 

Let 

7 := (^e^ - hg)(3. 

In the following, we use subindices to denote the covariant derivatives w.r.t. 
e.g., 

{v + 7). = (V(^ + 7)) (^), (v + 7).. = (V^(^ + 7)) I;). 
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Consider 

,f + 7 + 



G:=pY,iv + l)la{ j-^ ), 

k 

where L > is a constant satisfying l<v + ^ + L<2L and a : — >■ is a 
smooth positive function to be chosen later. 
Notice that |- = in . (y^o) and 

16 

Bj^if'') ndM^iye Bj^ifo^l y„ = and ^yj + ---yU < 

16 16 

Hence in Bj. (y^°)ndM, 

16 

Claim 5.1 /n Bj (y^o) n ^M, = 0. 
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Proof of the Claim 5.1. In Bj (y*") n 9M, by (21) and the second equation in 
(12), 

{v + 7), ^ + ((V'e" - /ig)^), = (V'e'' - /i^) + {j/je^ - hg),P + {^e^ - hg)^, 
= ii^e" -hg)-{'il)e" -hg)^Q 

(23) 

Therefore in . (7/*°) n dM, 



V' 
16 



(^^ + l)k,u = -{v + 'y)k,n = -{v + 7)„,fc = (t; + 7),,^ = 0, V l</c<n-l, (24) 

where in the last equality, we used the fact that ^ is a tangent vector field of 
Bl^^{y'°)r\dM. 

In Bj^{y'°) n dM, by (22) and (23), 

k=l 

= 2par-±^){v + ^Uv + ^)n,u by 24) 
= 2par-±^){v + ^Uv + = 0. 

Claim 5.1 has been proved. X- 
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Let G(xo) = max G for some Xq e Bj . W.l.o.g., G(xo) > 1. By the 



Claim 5.1, we have 

VG{xo) = 0, V^G'(a;o) < 0. 

In BJ^^ (i/^o) 
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k k 

so at Xq, 

{v + 7).(^ + 7)m = + 7)^(^ + - £ + 7)L (25) 

k 1'^ k 

and 

-f^(Pj(^^ + 7). + P^{V + 7).-)) T.{V + 7)^ 

Let F{A) = /(A(A)) for any symmetric matrix A with A(^) e L. Let {ej}^^i 
be an orthonormal basis of T^M. Denote W :— Wg — ^* . Let W{ei, ej) — Wij 

and let F^^ = (8) imphes {F'^) > 0. Denote := F^''^'"^' + ^(E 

At xo, assume = ^l^- Then g{ei^ej) = is to say that ^4^74 — Q~^^ where 
A = (a]), = (^,,)-\'and = Denote S = (F^^) and L> - (G,,). 

By {V'^G{ei,ej)) < 0, we have T.^'^G{elei)^ g'^Gijixo) < and 

i 

> F'^V^Gia, ej){xo) = F'^ala'jGrs = ir(SA^DA) = tr{BA^AD) 
= tr{Bg-^D) = F'^g'^Gij, 

i.e., we have U^Gij{xo) < 0. 

In the following, we use Ci > to denote a universal constant depending only 
on {M"',g,t), 0, 5yio, L, a, and we use C2 > to denote a universal constant 
depending only on {M"',g,t), (p, ip, ^y^o, L, So, a, (3. We also use Oi(l) to denote a 
quantity bounded by Ci, and 02(1) to denote a quantity bounded by C2. Observe 
that ^(5^^) < Q~'^ < Ci{S'^) in 'bT~W°). We will use this fact without mentioning. 
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At xq, 

> U^Gij = 2paU^{v + 7)fc,,(t; + 7)^,,- + 2paD^(v + ^)k(v + 

^^,,-^ a(pp,,-2p,p,) ^ p{aa"-2iar) + + ^) . 

+j4(v + 7),,- - f;(p,(^; + 7), + + 7),-)) + 7)fe 

_ fe 

k k k^l 

> 2paU^{v + 7)fc,i(v + 7)fej + 2paU^{v + i)k{v + -f)k,ij 

^p(aa-^ E(^ + 7)i^^^-(^ + lUv + 7), 

+T# E(^ + iW'iv + 7)., - C.^EF^^v + 7)fc|^ 

(26) 

where in the last inequahty, we used G{xo) > 1, therefore ^/pJ2 \ {v + ■j)k\ > 

k 

In general, 

= + 7)ij,fc - ^i{v + l)i,k - -oiiv + 7)«, 

= (^^ + 7)fc,i,i - r^-i(^ + i)k,i 

= (^' + 7)ij,fc+ 9^(t' + 7)i, 

> 2paU^{v + -i)k.i{v + 7)fej + 2paU^{v + 7)A;('t; + 7)^^-,^ 

^p(aa-^ E(^ + 7)^^^^ (^ + lUv + 7),- (27) 

E(^ + iWK^ + 7)^,- - CiVpE + 7).P- 



so 



and 



k 

k 

Recall that 7 = ('0e'' — hg)l3. At xq, 



(T; + 7)ifc = (l + ^/3e>fc + em + V'e"/9fc-(M)ifc /OR^ 

= a^;fe + 02(l) with a:=l + V'/3e^ ^ > 

+ = a'E^^i + 02(l)EK|. (29) 

k k k ^ ' 
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+e^^/3wiWj + e'^'Ptpij + e'^^/Jjj - (30) 
= aVij + 02il)E\vk\+0,{l)^Evl 

k k 

The above identity (30) also holds for {v + 7)ij after a slight modification, i.e., 
we only need to change Vij,ifjij, f3ij, {hgf3)ij to Vij,'ijjij,/3ij, {hgP)ij respectively. 

{v + -f)ij^k = avij^k + e^iipkP + i'Pk)vij + e^ip/^VkVij + e''^(3{vjVi^k + 'ViVj,k) 

^^j,fc/3i + ^^ji'fc/^i + ^i,fcA + ^jt^fcA + -ipkVjPi + -ipVjVkPi) - {hg(3)ij^k 
= avij^k + e"{iik(^ + ip/3k)vij + e^^j^VkVij + e"%l)l3viVjVk 
+ (e^(V'/3,- + + ^liv^)vi,k + e^lV'A + V'i/S + V'/^^i)^,-,*.; 
+02(1) E^^. 



(31) 



By (25) and (28-30), at xq, 

{v + 7)fcUM + 02(1) Y.\vi\ + Oi(l)^ E^^f) 
= E^f + 02(1) E |t'/|)(a^;, + 02(1)) 

-0(a^E^? + O2(l)EN), 

therefore 

a(r^ + i)kVk,i + (at^fc + 02(1))(02(1) E + 01(1)/? E^^/ 
= -2^a^E^^. + 02(l)^E^?, 

which implies that 

{v + ^)kVk,i = -^a^ E + Oi(l)/9 E It'd' + 02(1)-^ E (32) 

where we used a — l-\- ip/3e" e [|, 1]- 
Combine (28-32). At Xq, 
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2ap{v + -i)kL'^{v + 7)ij- fc > 

2aap{v + 'y)kL'^Vij^k + 2Q;pe''(vfc + -fk){'ipkP + ip^k + ipPvk)U^Vij 
+2ape''xjj/3{vk + -fk)L'^ViVjVk - CspJ^ F^l-y^j^ 

k,l 

> 2aap{v + -f)kV^Vij^k + 2ape''(^; + 7)fc(^fc/3 + V'/^fe + ip/3vk)V^Vij 

+02(1) E^O 

+4ape^m''vJ- -^a'Y.^fv. + Oi(l)/3E I^H' + ^^(l) E^' 
+2ape^V'/3(a^;fe + 02{l))U'viVjVk - C^Y. F'^^j^ 

> 2aap{v + -f)kL'^Vij,k + 2ape''{v + -f)k{i/Jkl3 + i^Pk + ijPvk)V^Vij 
-C,(5pY.F%t-C,pY.F''\vk\\ 

(33) 

Recall the Laplace-Beltrami operator Ag = -j=-^(^^J\g\g''"^-^), where l^fl = 



/\9\ 

det{gkm)- 



Since / is homogeneous of degree 1, the equation F(Wijg^'^) — 0e " implies that 

= + ^{g^'^Vkm + ^'^"^r^fe^^;. + ;^(v^5'"^)fe^m)) EF" 

= ^'^'^ + ^^'"^r-,^^;, E F" + le|-l^(^^^-),^;^ E F" 

+ ^t'fct'z^'^' E F" - F'^g^'v.v, - F'^g^'XAl),^, 
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that is, 



Prom which, we have 

a'f. 
L2 



k 



k k k 

+0,{l)^J2^l) by (29) and (30) 



^ k k 



> 

^ ' k k 

+Oi(i) E^'Vfcl) - C,(5pY.F%1 - c^pE^'V^I' 

Ay^Z k ^Jf k ^1/ 

-c,pY.Fy,\' 

k,l 

(34) 

and 

2Q;pe''(^; + jUiP^P + ^ + ipf3vkW^v,j > -C^I3pY,F%l - CspE^^I^^I'- 

A/jZ k^l 

which imphes, by (33), that 

2ap{v + -f)kL'^{v + -f)ij^k > 2aap{v + -f)kL'^Vij^k 
-C,f3pEF%t - C2pEF^'\vk\\ (35) 

k^Ji k 

Differentiate the equation F{Wijg^'^) — 0e^^ along the yk — th direction and 
evaluate at Xq. 
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+(2 - E - 2F-^^>^;,,feT;,- + (v,j 

+l3|(A,t;)<7.,)+Oi(l)EFS| 

= FV%.^ + ^(^'"^'- + ^''"rL^- + EF^^ 

+(2 - t)^;^,^^;,^"*' E F- - 2F-^^>T;,,fcT;,- 

+0i(l)EF-^;2 

= F'^g^'Vi-'k + ^g'"'vi^,k E + (2 - t)t;„,fct;z(?™' E F^' 
-2F''g^'Vi,kVj + Oi(l) E F"|^;,,| + 0,(1) E F"(^;| + 1) 

= L^^-^;,,- + (2 - t)vm,kVig^' E F- - 2F-y^'-J;'fe^;,- 
+Oi(l) E F'%^1 + rj.vrl + Oi(l) E F-t;| 

= L^^'t;,,- fc +'(2 - t)vm,kVi9"'' E F^' - 2F'^g^'vi,kVj 
+Oi(l) E F**|^;,-i| + Oi(l) EFS2. 

Multiply both sides by 2aap{v + 7)*; and solve it for 2aap{v + ■y)kL^^Vij^k- 

2aap{v + 'y)kL'^Vij^k 
= -2(2 - i)Q;ap(^; + Tjfe^m.fc^i^'"' E + + i)kVi,kF'' g'^v^ 

i 

i,j,k,l '^■>3i^ 

= -2(2 - t)aap{ - ^a^Y.^]v^ + Oi(l)/3E l^.f 



+0i(i)/3El^/l' + 02(1)4= E^O^"^''^^- by (32) 

I yP I 

+Oi(l)p E ^l^.vll^;^! +02(i)ypE^1^.f 

(2 - t)a^ttV ^ n 2 2a=^pa^ ^ 

> J2 E ^ ^j^mfiC/ l^VlF ViVj 



-c,PpY,f%^ - c,p E F^'Ki\\vk\ - c^VpY^f'"'^- " 

Substitute the above inequality into (35). 



> ^^^^ E F^^v]vmvig"^^ - ^ E vfF^^g^^v,vj 



-CiPpEF''v^-C,p E F''\vj,i\\vk\-C2^EF''\vj\\ 

«J ^,j,k,l i,j 

By (28) and (29), 

^^^^T^ nv + l)lLHv + l)i{v + 7), - C,^EF^^\{v + 7). 

k k,l 



> 



L4, 



f^^^(a2t;2 + 02{l)\vk\p^{av, + 02(l))(at;, + ©2(1)) 



-Ci^EF''(a^\vk\' + 02{l) 

k,l ^ 



it k,l 



and 



2paU\v + 7)fe,i(t; + 7)^^ 
= 2paL^^ (at;,,, + Oi(l)/3E^? + ^2(1) E 

+Oi(l)/3Et^F + 02(l)E|^^d) 
> 2a2apL*^^t;fc,, - Ci/3p E i^"t^,>M I - C2P . E 
-CippEF^'v^ - C2pEF'%\^. 

Substitute (34), (36), (37), and (38) into (27). We have. 
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-Ci/3p E F''v]\vk,i\ - C2P E F'%,i\\vk\-C2,/pEF'%\'. 

Recall a — 1 + ■0^e". We can replace it by 1 + Oi{l)/3. Meanwhile we replace 
by F^^g'^^ + ^(E-^'Os'*'' above inequality. We have, 

> U^G,,{xo) > ^^^^ E F^'v]v^v,g-^ - ^ ^ 

i,j I 

+2a2ap(FV^- + l^{Y^F'^)g^^)v,,,v,j - C,/3pY.F%^ 



««L, |3 



2L2 (n - 2)L4q; 



I 

2(1 - i)a2ap 



J2F^'){-S'^)v,,v,,-C,(3pJ:F 



n-2 



i,j,k,l i,j 

i2-t)a' {l-t){aa" -2{a'f)^ 



r VjVmVig 



(Q"a - 2(a')^ \ 2 ,-,,> iv 



I 



iiL, |3 



2L2 (n - 2)L% 
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(39) 



It is enough to find a smooth function a : [72 , f] — >■ satisfying 



y a' > , . 

^ aa" - 2(a')^ - L^aa' > 0. 



since the above inequahties imply that 

aa" - 2{a'y - L'^aa') > 0, 



a"a — 2{a'y a' 1 „ ,2 



and 

aa" - 2{a'f > L'^aa' > 0, 

and 

{2-t)a' I l-t a"a-2{a')'^ 



i.e., the coefficients of the two leading terms in the inequality (39) are both positive, 
which will lead the preferred gradient bound. 

Let a = . The two inequalities in (40) are equivalent to 

r V>0 

t 77" - {r]'f - L^T]' > 0. 
To find a, let 77(5) = with r ^ 1 being chosen later. Clearly, 77' > and 

// / /\2 t2 I r-2(/ i\ r r2 

rj — [rj ) — L rj = rs [[r — l)—rs—Ls 

1 

,2_ 

-L 

2 



> r.'-2((r-l)-r(V-L2(^)) 



rs'-2((r-l)-r(|-)'"-2L) 
> rs'^~^{{r — 1) — ^ — 2L^ by choosing L>4 



rs"" - 1 - 2L) > rs'' ^ > by choosing r > 4 + 4L. 

Pick L > |t; + 7I + 4 and r > 4 + 4L. Then we have ^^±^ G [;^, |] and there 
exists a universal constant C3 > independent of /3 such that (40) holds. By (39), 
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> fpi:vfF''''-C2y/pEF''\Vj\^ 
k,l i,j 

where in the last inequahty, we used (3 e [0, 25o], therefore we can pick Sq <^ 1 such 

that Ci/5 < ^. 

We conclude that 

> fpEvfF'^'' -C2EF^^Vi\^ >CspEF'"'iEvfy -C2EF^^{Evf)-^ 

k,l i,j k I j i 

k,l ^ i i 

which implies that Y.v'^ < C, therefore G{xq) < C. In particular Y.v'^ < C in 

i i 

BJ From which, we have, in Bj (?/*°), 

\Vv\l^v,vig''<Cj2vl<C. 

k 

By U,^=i(5l^^ (|/^«) n dM) = dM, \Vv\l < C on dM. The Lemma 5.1 has been 
established. X 

Remcirk 5.1 When the manifold (M"',g) is umhilic on the boundary, the above 
lemma and therefore the next lemma also hold for t — 1. The above proof still works 
after a slight modification. 

Lemma 5.2 Under the same assumptions as in Theorem 1.2, for t < 1, let v be 
a solution of the equation (12). Then there exists a universal constant C > 
depending only on {M"',g,t), (/, T), 4>, andip, such that 

\Vv\g <C on M. 



Proof of the Lemma 5.2. Consider 

G:= \Vv\laC-^l 
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where L > is a constant satisfying 1 < v + L < 2L and a : — ?> is a 
smooth positive function to be chosen later. Let G{xo) = nxaxG. Let {xj}'j^i be a 

geodesic normal coordinates w.r.t. the metric g at Xq. W.l.o.g., we can assume Xq 
is an interior point of M. In the following, subindices are taken w.r.t. Repeat 
the arguments in the proof of the Lemma 5.1. We arrive at 

> i-G,<xo) > + ^i-fa^;^ 

i 

Choose the same a as in the proof of the Lemma 5.1. We conclude that there 
exists some universal constant C3 > such that 

> L'^G^j{xo)>C3\Vv\^gEF''-C\Vv\lJ:F'' 
> \Vv\lEF''{Cs\Vv\g-C), 

i 

which implies that |Vt'|g(xo) < C and therefore G{xo) < C. The Lemma 5.2 has 
been proved. X 



6 Hessian Estimates 

The main issue of the Hessian estimates is to bound the Hessian of the solutions 

on the boundary of M. 

Lemma 6.1 Under the same assumptions as in Theorem 1.2, for t < 1, let v he 
a solution of the equation (12). For any 1 < iq < N , there exists a universal 
constant C > depending only on {M^\g,t), (/, F), (f), ip, and Syio such that in 

32 

d d 

\vtt\ < C, for any unit direction ^ satisfying 9{-^-,-^) = 0- 



Proof of the Lemma 6.1. Consider 



H{y) :=pe^°^"({ max (y^^; + a|V(^; + 7)|^y)(T, r)} - so^,(y)), 

^ r e TyM, \\T\\g = 1, ^ 
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where {yi, - ■ ■ , yn) is the tubular neighborhood normal coordinates of y G . {y^' 
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at y^°, 7,p are the same as in the proof of Lemma 5.1, and a > 0, > 0, Sq > 
are constants to be chosen later. 

Let H[xq) = max H for some Xq e Bj . (y^o). 

Claim 6.1 Either H{xo) < C or xq is an interior point of Bj by choosing 
/3o,so > 1. 

Proof of the Claim 6.1. If not, we assume H{xq) > 1 and xq e Bj . {y^°) fl 
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dM. Let {xi, ■ ■ -Xn} be a tubular neighborhood normal coordinates at xo- Then 
{xi, • • • , Xn} is well-defined and smooth near xq. Meanwhile, yn = Xn near Xo since 
they both represent the distance parameter to the boundary dM, which is to say ^ 
has the same definition near xq. Recall that g{-^-, = ^ij at Xq. W.l.o.g., we can 
assume H{xq) := pe'^°^"(vii + a\V{v + 7)|g — soVu){xq), where and in the following 
subindices denote the covariant derivatives w.r.t. Let 

H{x) pe^°^"(— + a\V{v + 7)!^ - So^^.)- 



9ii 



By g{-^, ^) = near Xq, we know Xq is a local minimum point of H. Moreover 
g|- = — ^ near Xq implies that 

(|V(^ + 7)I^).W = {{v + ^Uv + ^)ig'% 

= 2(v + -f)k{v + -f)k,u + {v + -f)k{v + l)igt^ 

= -2{v + -t)k{v + 7)fc,„ + (t; + -t)k{v + 7);^^' 

= -2(^ + 7)fc^^^ + (^^ + 7)^(^ + 7)^5'' 

= -2(^ + 7)fc^^^ + (^ + 7)fc(^^ + 7)^5'' 

= -2(t; + -i)k{v + 7)„,fc + + 7)fe(t; + 7),c/^' 

= 2(i; + -i)k{v + 7),,fc + + 7)^(1; + 7)^5^'. 



Since (f + ^)i,\dM = by (23), we have {v + 7)i/,fe(a;o) = for /c < n — 1, which 
implies that 
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+ 7)fc(^' + 7)u,ki^o) = iv + 7)n(w + 'j)u,n = -{v + 'j)^{v + 'j)^^n = 0. 



fe=l 



Thus (|V(v + l)\lUxo) = iv + j)k{v + i)igt^. By (22), = at xq, and 
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9j/ dyn 



16 



-;5o(^^ii + a\V{v + 7)lp - so^;.)pe^°2'" 
= ^(^"11,1^ - Po{vii + a| V(t' + 7) Is - sov„) - viiQii^i, 
-soVn,n + a{v + 7)fe(^; + 7)^5'^') 

We need to interchange Vu^^, to qJ'^q^^ in the above equation so that we can use 

the boundary condition. Recall {xi, ■ ■ ■ , a;„_i} is the geodesic normal coordinates 

_ _a_ 

w.r.t. the metric g\dM at xq. Then V^(xo) = for 1 < A;, Z < n — 1, where V is 
the covariant derivative of dM induced by g\dM- For 1 < k,l < n — 1, 

rL(^o)i- = v4(xo) = v4m + //(J-,J-)K)|; 



Comparing both sides of the above equation, we have, at xq, 



rii^O i0Tl<i,k,l<n-l, = -//(—, _). (42) 



Hence at xq, 



- -ai£Tar. + H^n)vi + r-uVn,n by (42) 



dxidxidxn dx 

q2 ■ ■ 



dxidx 



^ dxidxi r 1 I v^l i I (Ja;i9i;i 9i;i9a;i 

+J;;(^il)^;^ + ^«l^;„,„, 
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where in the second to last equahty, we used the fact that is a tangent vector 
field of dM near xq, so we can replace Vi, by e"'ilj — hg. 

In the following, we use C > to denote a universal constant independent of j^Q. 
Substitute the above equation into the inequality (41). 

^ Ox 1 0,1 X 

< p((e> - /3o - gii,.){vii + a| V(v + 7)ls - ^o^^.) 
-(so-r^iKn + C). 

(43) 



Since 4- is the tangent vector of geodesic curves, we have = near xq. In 



a 



dv 



dv 



particular, we have 

_a_ 

dv 

Recall = ^) by (42). We can pick sq > 1 such that f is bigger 

than the largest absolute value of the principle curvatures of the second fundamental 
form on dM. Then we have ^ > Sq - > f > at Xq. By T C Ti, we have 

(l-t)n,^ A2-t)n ,2 (2-t)n-2 ^ 

which imphes that Agv{xQ) > —C. W.l.o.g., we assume Vu^Xq) > 1 and Vkk{xo) < 
Cvii{xo) for 1 < k < n — 1. Then 

n-l 

-Vn,n{^o) = -Vnn{Xo) <C + ^Vkk{Xo) < Cvn{Xo), 

k=l 

and 

3Cs 

-(so - r^i)t'„,„(a;o) < C{so - T'l^Jvn < ^-^^ii < C'so^^ii- 
Substitute the above inequality into (43). 
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< H,{xo) 

< pUe^'iP - /3o - 9n,u)ivn + a\Viv + 7)1^ - SoV,) + CsoVn + C) 

< pUe'-'V' + Cso - gu,^ - Po){vn + a\V{v + 7)|g - sqv^) + C) 

< phc - (3o){vu + a\V{v + 7)1' - soVu) + C) 

< p(-{vii + a\V{v + 'y)\l-SoV^) + C^ by choosing /3o > C + 1, 

which imphes that (vn + a\'V{v + 7)|p — sovS^(xo) < C and H(xo) < C. The 
Claim 6.1 has been proved. Jit. 

Due to the above claim, we assume Xo is an interior point of Bj iy^°)- To 

continue the proof of the Lemma 6.1, we need to introduce a new coordinates near 
Xq. Let do — dixQ,dM), and let <So := [y G -B J . Vn — do}. As shown in 

16 

the proof of the Proposition 4.2, ^ is still the unit normal vector field of Sq. For 
any x e -BT but near xq with (yi, • • • , as its tubular neighborhood normal 

coordinates of x at then J J2 y] < We conclude that there exists a unique 

X & Sq such that d{x,x) — d{x,So). In fact for such x, let x — (yi, • • • , 0). 
Then x is the unique point on dM such that d{x, x) = d{x, dM) = yn- Consider 
r{t) — E{x, t). Then r{t) is smooth and well defined for t e [0, Syio), r{yn) — a;, and 



\^y]^ (max{cio, yn),f < -j^ 

as long as x is close to xq enough since x is an interior point of Bj (|/*° ) . Moreover 

for t G [0, maxjcio, l/n}], the tubular neighborhood normal coordinates of r{t) at 
y^° is {yi, • • • , yn-i, t), which implies that the curve r([0, max{(io, yn}]) C Bj 

therefore intersects with Sq at a unique point r{do). As shown in the proof of the 

Proposition 4.2, i.e., by (19) and (20), d{r{t),So) ^ \t - do\ for t e [0,%). In 
particular, 

d{x,So) = d{r{yn),So) = d{r{yn),r{do)) = |y„ - do\. (44) 

Next, we want to show that there exists only one point x E Sq such that d{x, x) = 
d{x, Sq). This is because if (oi, • • • , a„) is the tubular neighborhood normal coordi- 
nates of X at y'°, then x := (oi, • • • , a„_i, 0) e Bj {y'°)ndM C Bs^i^ {y'°)r)dM by 

^6~ ~8~ 
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the Proposition 4.3. Thus r{t) := E{x,t) is smooth and well-defined for t G [0,5^,,) 
and r(a„) = x. Let r{t) be the shortest normalized geodesic connecting x with x. 
Then f has ^ as its tangent vector at x. Since ^ is also the tangent vector of 
f at r(a„) = x, we know f and f coincide. Hence f(|/„) = x, which implies that 
E[x, Un) = X = E(x, Un), and x = x since E is a diffeomorphism in Bs ^^ There- 
fore X = r(cio) is uniquely determined by x. Clearly r((io) G iSq is near Xq as long as x 
is near xq. Let {xi, ■ ■ ■ ,Xn-i} be the geodesic normal coordinates w.r.t. the metric 
g\so at Xq. Then {xi, ■ ■ ■ ,a;„_i} is smooth and well-defined near xq in Sq. For any 
X e (|/*°) and near xq, there exists a unique x & Sq such that d{x, x) — d{x, Sq). 

We assume x is close enough to xq such that the geodesic normal coordinates of x 
w.r.t. the metric g\so at Xq is smooth and well-defined. Let {xi, • • • ,Xn~i) be such 
geodesic normal coordinates of x w.r.t. the metric gls^^ at xq. Define ( to 
be the new coordinates of x such that Xn = Vn — do- Then {xj}'^^i is smooth and 
well-defined for x near xq, and d{x,So) = \yn — <^o| = l^^nl by (44). As shown in the 
proof of the Proposition 4.2, for x near xq and for 1 < < n — 1, 

d d d d d 



dxn dun dv ' dxk ' dxr, 

Let J/q denote the second fundamental form of g w.r.t. ^ on iSq and let V be the 
Lcvi-Civita connection induced by g\sQ. Recall on Sq, {xj}'^zl is the geodesic normal 



coordinates w.r.t. the metric g\so at Xq. Therefore gimixo) := g{Sr, 7S~)i^'o) = 



a 



dxi ' (9a;n 



3/m 



for 1 < /, m < n, and V _a_ (xq) = for 1 < i, j < n — 1, which implies that 

V^(^o) = + //o(— , — )— = //o(— , — )— . 

dxi ' du dxi ' 

Thus for 1 < i, J, < n — 1, 

af^^.,-W = ^(V|,4)+,(^,V!|) 
= by (45). 

Also by (45), we have, for 1 < i < n — 1, g^jn = near xq, which implies that 

£^9in{xQ) = ^gni{xo) = for 1 < /c < n. (47) 

Notice that ^ = — ^ is a unit vector field. Therefore gnn = 1 near xq, and for 
l<k<n, 
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i-Jnn{Xo) = 0. (48) 

Combine (46)-(48). We have 
d 



dxk 



gij{xo) = ior 1 < i,j < n and 1 < A; < n — 1. (49) 



Recall g = (gij). QQ-^ = 7„xn implies that ^ = -Q~^§;Q~^- For 1 < A; < 
n — 1, 

4^'^(xo) = -^-(4^..)r^ = 0. (50) 

In the following, subindices denote the covariant derivatives w.r.t. Notice 
that gij{xo) — Sij. W.l.o.g., we assume 

H{xo) = pe^'"''^(vn + a\V{v + 7)|J - SoV.), 

and wi,i(xo) » 1. 
Let 

H = ^g/3o(xn+do)/!^ + a|V(^ + 7)lo - sov^). 
By (45), Xq is a local maximum point of H. Near xq, 

H, = pe^«(""+'^°) - ^^gu,i + 2a(?^'(t; + -f)k{v + j\i 
+ag'^^{v + -f)k{v + 7); - sov.A + (^ + S^H. 



At xo. 



and 



vii,i - gii,iVii + 2a(i;fc + jk){vk,i + 7fc,i) + ag^^{vk + jk){vi + ji) 
-So^^l/,^ = -(7 + 5„i^o)('yii + a\V{v + 7)1^ - Sot^i/), 



ify(xo) = 

pg/3odo J^^^^ _ ■ - gii^iVnj + 2gii^ignjvn - gn,ijVii 

+2a{vk,i + lk,i){vk,j + 7fej) + 2a(vfe + ^k){vk,ij + lk,ij) 
+2ag'^J{vk + lk)ivi,i + li,^ + 2ag'^}{vk + lk){vi,3 + 7zj) 

+/5o^njPe^°'^° - 5fii,ji;ii + 2a{vk + 7fe)(^^fc,i + 7fc,i) 



(51) 
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+Pje^°'^° (vii^i - gii,iVii + 2a{vk + -fk){vk,i + lk,i) 

+ag'^i(Vk + lk)(vi + -fi) - SoV^^i^ 



so by (51), 



p-ie-/3odo^..(^^) ^ 

[vii^ij - gii,jVu,i - gnjvii^i + 2gu^igiijVu - gu,ijVii 

+2a{vk,i + lk,i){vk,j + lk,j) + 2a{vk + lk){vk,ij + 'lk,ij) 
+2ag'^j{vk + 7fc)(w/,i + 7z,i) + "^agfivk + lk){vi,j + 
+agfj{vk + lk){vi + li) - sov^Aj) 

_ Mp.s^.+p.s..) _ p2Sm6nj){vn + a\V{v + 7)1^ - sov.), 

Recall in the proof of the Claim 6.1, the choice of depends on a. We need to 
prove the choice of a is independent of (3q. For this reason, we let Ci denote the uni- 
versal constant depending only on {M",g,t), (/, T), 0, ip and Syig, but independent 
of a, f3o, and let C2 denote the universal constant depending on {M"',g,t), (/, T), 0, 
ip, 6yio , and a, /3o- 

Notice that gij{xo) = Sij and L'^{xo) = F'^ + ^(E^")<^'^- 

> p-^e-'^°'^°U^Hij{xo) 

> {yii^ij - 2gnjvu^i + 2a(vk,j + 7fcj) (vk,i + 7fe,i) (52) 

+2a(vk + lk){vk,ij + lk,ij) - SQV^^i^ - C2p~^ E F''''\vk,i\, 

' I 

where we used |Vp| < Ci^/p, \V^p\ < Ci, and t'i,i(xo) > 1. 
By (51), 



Vu,i{xo) = -2a{vk + -fk){vk,i + -fk,i)-agf{vk + jk){vi+ji)-SoVi,^i 
+5'ii,i^^ii - (7 + ^niPo){vn + a\V{v + 7)!^ - SqVu), 

Substitute the above into (52). Since Vi,^i — —Vn,i and vu — vi^i — r[iVi, 

> p-^e-*'^»L*^#,j(a;o) 

> (vu^ij + 2a{vk,j + -fk,j) {vk,i + '^k,i) 



(53) 



> 



At xq, 



so 



and 



therefore 



+2a{vk + lk){vk,ij + 7fc,ij) - soVy^ij) - C2P ^ 

L''^ {yii,ij + 2a(l + ijjl3e''fvkjVk,i + 2a(l + '4^^e''){vk + 7fe)f^fe: 



^3 



-pfc „, 

dxjdxidxi ^ ji^l,k 



%n = (v%.)(^,^) = (v^v^-rl,4) 

~ dxidxi'ydxjdxi ^ ji^l' ^ll^U,' 

dxidxidxjdxi ji 'ilil ''-'^ f)x-ii9x-i ' H 



Vij 



dxidx\dxjdxi iJ- 11 «/' 9xi 



dxidxidxjdxi ^ji^ll,' ^ji^ll'^fc.Z dxi 3i"k 

aa^i "^''1 dxidxi'"l 11'- ji'^k, I dxi ll'^'^^ 



k _d_\( \ _ d'^jvii) -rk . 
^.^^^ jidxk'^^^^' dxj 

J- 11^0 - J- n^ii,*; 



dxjdxi^ dxidxi H ''^ 

^ 91- V, - - ^^V, • - ^^V, • 

dxjdxidxidxi H (Ja;, ''^ 

: -ni -nk , ^^H-ni d{r',) a(r' ) 92 (r') 
Substitute (55) and (56) into (52). At Xq, 



> p-^e-'^^'^^'U^Hijixo) 

> U^(vij,u + 2a(l + ^/3e-yvk^,Vk,i + 2a(l + V/3e^)(^^fe + 7fe)%,fe 

Differentiate tlie equation F{Wijg^^) = (pe^'" aiong tfie x;— tli direction. 

= F'^gi^{v,^,i + I=|(A,^;),5,,) + F^^g^\^^{^,v)g,,,i 

+ (2 - t)VmVk,ig^'^gij + ^VkVrag^'^gij + ^|VvPc,yy 



wfiicfi implies tfiat, at Xq, by ^f^j = 5ij 



wfiere we used lAgt^K^o) = | E^^feifcl < C*! E l^'fc.ml and 

< CxY. \Vk,m\- 
k,m 

Recall the Laplace-Beltrami operator = ~^J^^'^{^/\9\9''"^^i~)■ 

Substitute the above identity into (58). At Xq, 
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= \F''v^,,l + iE^2^F''^kkA (59) 

i,k 

Differentiate the equation F[Wiig''^) — (pe^^ along the Xi— th direction twice and 
evaluate it at a^o- 

F''{Wug%i + F^^'^'{Wug%{Wrk9''% = e2-(0n + ^vf + 401^1 + 2cl>vn) 

since we have already assumed fi,i(a;o) ^ 1. 

By the concavity of / in F, we have F'^^'^^{Wiig'-^)i{Wrkg''^)i < 0, and 

-Ci < F'^{Wug%i{xo) 

= F^'lm,,u + W,,g%) by (50) 

< Fm,j,^i + Cij:^F''\vj,k\ 

+ (2 - t)vUij + (2 - t)vkVk,uSij + 2(2 - t)vkVi^ig^l5ij 

+ ^VkVig%6ij + ^\Vv\lgij,u - 2vi,iVj,i - 2viVj,u - (4)yMi) 

+Ci E F'%,k\ 

= F'^{vij,u + ^^{Agv)uSij + ^,{Agv)g,,,^^ + (2 - t)vl,Sij 
+(2 - t)vkVk,ii5ij + ^VkVig'^I^Sij + ^iVwI^^ij^- ^ - 2vi^iVj^i 
-2viVj,n - {Al)ij,n) + Ci E F'%^k\, by (49) and (50). 

Thus at Xq, 

-Cij:j'%,k\ < F''{vij,i, + ^{Agv)uSij + {2-t)vkVk,nSij 

-2viVj^ii + (2 - t)vli5ij - 2vi^iVj^i) 
< F'i n + ^ {^9^)1^3 + (2 - t)vkVii,k5ij 
-2viViij + (2 - i)^;fe^i5jj - 2vi^iVj,i 
+Ci E by (55) 



'',3,k 



< F^'{v,,,u + t^,{Agv),Aj + (2 - t)t;2 ,<5,, - 2v,,^v,,, 
+C2^,EF'%,k\ by (53) 



i,3,k 
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i.e., at xq 



-C2j= E F^%,,\ > -C, E F^^vl, E F^^%,,\ 

i,j,k ^)J)^ ^sJi^ 



(60) 



For the term {Agv)ii in the above inequahty, we need to replace it by E ''fcfc,ii- 



For this reason, recall 



4 d_ 

\g\ 



{Agv)n{xo) = (- 



1 d_ 

dxk 



191 



+^{g'"'^Lhv,A + (g'^^KJuvi + -^{^\g'nkVm,n 



-,km„ 



\g\ 



+ig'"''^iJuvi + {^\g'nkVmM + 2(^(^/-),)i^^,i 

+(^(V^/-),)n^„ by (50). 



Plug the above equation into (60). At Xq, 



1,3, k V ^ 1,3, k 
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+CiE^1^i,'^l by (55) 
< F'Hv,^^^^^^^VkkMk^^C2^Y.P>3A by (53) 

V P i,j,k 



that is, 



i^^X,ii(^o) > -C,EF^X,-C2j=^EF^'\vj,k\ (61) 

Substitute (59) and (61) into (57). Notice that Vij^i^ = —Vij^n andl+V^/3e'' e [^l]- 
At xo, 

> 2a(l + iPf3e-yD^VkjVk,i - C^p-' E.i^"|^fe,^| - C, EF^^i 

> %Uhk,3Vk,i - C2p-^ E.i^"kfe,i| -'Ci HF^'vl, 

^ I i,k,i i,k,i 

> TF''vl,-C2p-^Y.F''\vk,i\ by taking a > ^^^^^^i^fiii. 

Multiply the above inequality by p^. At Xq, 

> E.i^"((p^M)'-C2p|^;fe,^|), 

which imphcs that (p|t'i,i|)(a;o) < C2, therefore H{xq) < C^- Lemma 6.1 has been 
established. X- 

Remark 6.1 As a consequence of the Lemma 6.1, V 7/ e -Bj^ {y^°), let (ci, • • • , e„) 



be an orthonormal basis ofTyM with = S^, and let subindices denote the covariant 
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derivatives w.r.t. e.j. By T G Ti, we have Agv{y) > —C, which implies that 
Vuuiy) > —C, and for 1 < k < n — 1, 

Vkk{y) = AgV - T, Vii- Vnn > -C - Vnn = "C - V^^. 
l^k,n 

U Vuu{y) > 0, then + C > C > Vkk{y) > -C - v^y implies that \vkk{y)\ < 
C + Vyy{y) for 1 < k < n - 1. If Vyy{y) < 0, then C > Vkk{y) > -C - v^^ > -C 
implies that \vkk{y)\ < C* < C + Vyy{y) for 1 < k < n — 1 since Vyy{y) > —C. Hence, 
for any two vectors X,Y & TyM with g{X, ^) = g{Y, ^) = 0, 

|V>(X,y)|(y) = \\{Vlv{X + Y,X + Y)-Vlv{X,X)-Vlv{Y,Y))\ 

< \{\vlv{x + r, X + y)| + \vlv{x, x)\ + \vIv{y, y)\ 

< l(\X + Y\l+\X\l + \Y\l){vyy + C) (62) 

< U\X\l + \Y\l){vy. + C)< 2{\X\l + \Y\l){v.y + C) 

< {\X\l+\Y\l){2vyy + C). 

Lemma 6.2 Under the same assumptions as in Theorem 1.2, for t < 1, let v he 
a solution of the equation (12). Then there exists a universal constant C > 
depending only on {M'^,g,t), (/, T), (j), ip, 5yio such that in Bj (|/*°) HdM, 

Vuw < C. 



Proof of the Lemma 6.2. Let {yi, ■ ■ ■ ,?/„} be the tubular neighborhood normal 
coordinates of y G Bj {y^°) at |/*°. Let {ei, • • • , e^} be a smooth orthonormal frame 

of TM in Si {y'°) with e„ = ^. In fact, we can obtain such frame by moving an 

orthonormal basis of Tyio{dM) parallelly along the geodesic of {dM,g\gM) to get an 
orthonormal frame of T[dM) in -Bj then moving such frame parallelly along 

the geodesic r{t) — E{-^,t). In this way, we can get smooth orthonormal vector 
fields {ej}'^zl in ST^^ {y'°) with g{ej, ^) = 0, and {e^ j^^i with e„ = |; will be an 

orthonormal frame of TM in 

32 

Observe ^ is the unit tangent vector of the geodesic. We have 

Vf=0 inSl,Jy^°). (63) 

32 
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In the following, subindices denote the covariant derivatives w.r.t. {ei, • • • , e„}. 
Differentiate the equation F{Wij) = (pe^'" along the normal direction e„, 

F'Hv^^^ + ^^^{/^v)Jij^{2-t)vkVkAj-'^Vi^3,^-{K)'],^^ = 6^^(0^ + 20^;^) (64) 

We need to interchange Vij^jj to v^j^ij. For this reason, let = ^\'§^- Then 
aieC-(5T,^(l/^'')),and 

V " 
32 

5f(ei, Cj) = % <J=^ a\gkia\ = Sij. (65) 
Notice e„ = ^ = - and g'(ei, e„) = (5i„. We have 

= -5^ < = -5f . (66) 



In BJ^^ (y^o). 



dyn ^ * dyr ' i dy„dyr dyn dyr 

(W)(e„e,)=a>|(W)(^,^) 



"i^j dysdyrdyr, ' ^i^j'' sr dyidyn 



SO 



dyr ' (9j/s 

» 3 dyn \ dy^ dy-^ ^ sr dyi ) dyr, \dy'dy^ ^ sr dyi ) 

-ala' ^ f\ +<Q^r' /^ + <Q^l^f^ (68) 

« J dy„dysdyr * J oynOyi ^ 3 dyi dyn ^ ' 



where 



dyn dyadyr dyn ^"^ dyi 

„ I ^r^sdvdri, QKap a^t, 9K"j) p; dv 

"1^,13 ^ ^hj dyrdys ^ ^Vdyr 



^rs^_9Jf^ and % ^ alaf^ + '-^rl, 

V dyn ' V ^ 3 dyn dyn 



depend only on (A'P^g), and are smooth and bounded in Bj (l/*")- 
In particular. 
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(A.). = AW + aaap^ + ei,|. (69) 

Substitute (67), (68), and (69) into (64). We have 

-2vi{-aJ'j Qyjy^ - Q^^) - (^g)ij>} 

= e2-(0, + 20t;,), 

which can be written as 

U^iv.h + A^^£§^^^U, (70) 

where 

n-2 V 



A- = F^.{Q- + l=|Q-5.._(2_i)^,a^^5,,-5^" + 2 



and 



n = e2^(0. + 20t;.)-F^^{e^^.|^ + l-|eL,|^5., 

depend only on {M'^,g), | Vi'|ci(m.s), and 0, and are and bounded by C^F^K 

For g^^g^ , we need to replace it by the partial derivatives of v w.r.t. ej. Recall 
that ti — al^. Hence ^ = 6jej with (6]) = (a])~^, which is also smooth in 

32 32 

£k - vM^r,|;) + rLg; = &:&^.vMe.,e,) + rt,|^ 

therefore (70) imphes that 
or 



dv 
rs dv, 1 



n n— 1 n— 1 

l'^Mj + E A^'^KKv^j + E A''^&;&;?^^i. = n - A-r^^g^ - e A^%bivij. 
j=i i=i i,j=i 



(71) 
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By 

v.j = (Ve,V.)(t;)-(V,g(t;) = t;.,,-(V,g(t;), 

and 

Viu = -y^i = ^^,1 - (V^,)(v), 

(71) implies that 

n Ti — 1 

j=l i=l ' ' 

n n— 1 n— 1 

j=l 1=1 i,j=l 

Define an elliptic 2nd order linear differential operator in B j (|/*°) as follows. 

L{w) = L'^Wij + {U - s^F^^S''')wi, 

I 

r A'-'b-^^. + A'^^ft^ip ffl<i<n-l 
where o — . ,..7 r,7 « -r • and s > is some constant 

to be determined later. Then |6*| < CJ2F^^ in -Bj^ (2/*°), and 

' 32 

, ^ " . n-1 . 

L(^;.) = n - A-rJ.,g^ + E A'-'b^K{^:.){v) + E A"6^,6p(vg(^) 

' j=l i=l 
< c E i^" - "e A'%Kvij -sj: F"v,,, 



I 1,3=1 I 

n-1 , a_ 

< + E l^-l -sEi""K. + (Vi; 

/ I 1,3 = 1 I ^ , , 

n-1 72 

< CEi^" + CEi^" E |%| -sEi^V. by (63) 

I I i,j=l I 

n—1 

< C E i"" + C E i"" . E 2{2v,, + C) - s E i^"^^.. by (62) 

< C E i"" + C E F^'Zu - s E F'h,, 
= CEi""-(s-C)Ei^v! 

< C E ^" by taking s > C, 

I 

where, in the last inequality, we used v^^, > —C, therefore —v^^ < C. 
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From the equation F(W) = ^e^", we know 

^ I 

hence 

\L{v)\<CY.F^^ inSl^(y-). (73) 

I 32 

For any yg e Bj {y^°) n 9M, let (oi, • • • , a„_i, 0) be the tubular neighborhood 
normal coordinates of yo at and let 

D := {{yi,---,yn)\yn>^, \l {yi - ai)^ + • • • + {vn-i - an-if + yl< -^}- 



Then 




i.e., L>cST^(y^°). 

32 

Extend hg^ij) to a smooth and C^'" function in B'^ (i/*") independently, still 

~32~ 

denoted by hg^ilj. In D, consider 

w^v^-il^e'' + hg + a(l - e-^^") + c((?/i - ai)^ + • • • + - a„_i)2 + y^), 

where a, 6, c are positive constants to be determined later. 
Pick c > such that 

T;,-V'e^ + /i, + c(^)'>0 in 

Then 

w(a;o) =0 and w > on dD. (74) 
Denote U = {yi - ai)^ + ■ • • + {y^_^ - an-if + y^. By (73), 

m-i/je" + hg + cR)\ = \L{hg + cR) -ije^'Liv) -e^Liij) 

-2L'^tpiVj - ^e^U^ViVj I < C E i^". ''^^ 

I 

To estimate L{e~^^"), recall = a^-^. In 
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<jyj I 

where and in the following, C > denotes a universal constants independent of a 
and b. 



Thus in D, 



= ^&^e-''^"E^" -C'6e-^2^"E^" by (66). 



Ue-^y^) > ^62g-b?;„ ^ pii _ cbe-^" E ^" 



> 



> be-^^Y.F^\ 
I 

by choosing 6^1 such that — C > 1. 

Back to L{w), we have in D, 



L{w) = L(^;^ - i^e" + hg + cJZ) - aL{e-^^) 
< -abe-^^ EF" + CY: < 0, 



b6 i 

_yZ. 



by choosing a :§> 1 such that abe er > C. 
Hence (74) implies that 

w > in D, 

therefore we have Wu{yo) < 0, i.e., v,^i,{yo) < C. Since yo € -S^^in ^ is 
arbitrary. Lemma 6.2 has been established. Jit 
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Remark 6.2 By the Lemma 6.1 and the Lemma 6.2 and Uf ^^[B'^ . {y^°) HdM) 
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dM, we know the Hessian of v on dM is upper bounded w.r.t. the metric g. Thus 
r C Fi implies that 



\^lv\g <C on dM. 



Lemma 6.3 Under the same assumptions as in Theorem 1.2, for t < 1, let v be 
a C*^ solution of the equation (12). Then there exists a universal constant C > 
depending only on {M^ .ig.it), (/, F), (p, ip such that on M, 

\vM < c. 



Proof of the Lemma 6.3. Consider 

eeT^M, g{e,e)=l " 

Let E{xo) = maxE, and let {xjj'j^i be a geodesic normal coordinates w.r.t. the 
metric g at Xq. In the following, subindices denote the covariant derivatives w.r.t. 

12 



W.l.o.g, we assume xo is an interior point of M, and E{xo) — vu + ajVi'p 

Consider E — ^ + a|Vt;|^. Then xo is a local maximum point of E. We can proceed 
as in the proof of the Lemma 6.1 to finish the proof of the Lemma 6.3. X 

7 Proof of the Theorem 1.2 

Consider the homotopy equation Hs, for < s < 1, 

r /( - Xg{sW + (1 - s)ai{W)g)) - s<j>e'^ - (1 - s)e'^ = on M, 

^ v^ + hg- se'^xjj = on dM, ^ ' 

where = W; - A* . 

By the uniform estimates we established and the result of Lieberman and 
Trudinger ([19]), we have the uniform (7^'"° bounds for the solutions of the above 
equation. C^'^*" estimates follow from the Schauder estimates. By the direct com- 
putation, the linearized operator Cgiw) at a solution v is given by 

1 (sU^ + s)L^^5^j)wij + Uwi-2{s(t)+{l- s))e''''w on M, ^^^^ 
^ Wy — sipe'"w on dM, 
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where 

b' = s{2 - t)F^^Vi - 2sF'^Vj + {2n - nt - 2)(1 - s)F%i. 

By (j) > ijj < and the maximum principle, the hnearized operator is an clUptic 
invertible operator: C^'" — > C". Hence the equation of (76) for s = 1 is uniquely 
solvable in (7^'"° if and only if the equation of (76) for s = is uniquely solvable 
in C^'"°. When s = 0, the uniqueness and the existence of the solution has been 
confirmed in [3]. ^ 

8 Proof of the Theorem 1.3 

Take an arbitrary Riemannian metric g on M^. For instance, let {Ui, Xj'^y^ij!!^ 
be a finite coordinate charts on M" and let 0* be a partition of unity subordinate to 

Ui- We can simply take 5? to be J2 )^ H h {dx^')'^). Let w{x) be a smooth 

1=1 

function on M" such that w{x) is the distance of x to dM w.r.t. the metric g when 
X is near dM. Then ^{om — —1, where ^ is the unit outer normal of g on dM. 
Extend the mean curvature hg to a smooth function defined on M", still denoted 
by hg. We can obtain such extension by straightening the boundary and extending 
any function ip defined on Si?" to i?" using il){x'){l — Xn), where x = {x', ,x„) G i?". 
However, we want to mention a different way which seems more natural. In fact, we 
only need to extend hg smoothly to the interior of M near dM. Using the partition 
of unity, we can locahze the extension to a small neighborhood of each xq G dM. 
Notice hg is the trace of the second fundamental form of g on dM whose definition 
is, at every point x e dM, 

II{X,Y) = -g{Vf,Y), WX,YeT,{dM). 

Let U he a small neighborhood where the tubular neighborhood normal coor- 
dinates of X E U at Xo is smooth and well-defined. Let {xj}'j^i be such coordi- 
nates. Then — gf- is a smooth extension of to U and g{^, gf-) = in U for 
1 < A; < n — 1, so 

l,J — 1 J 

is an extension of hg to U, where {g"^^) is the inverse of {gij) = (5'(^, ^f-))- Prom 
the linear algebra, we know [g'^^) = ^^^^g^ ^ cidjigij), hence g^^ is smooth and (78) gives 
a smooth extension of kg to U. 

Let V — hgW. Consider gi — e^'"g. Then on dM, 
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'91 



dv 



+ hg)e 
-1) 



^ ~^ ^ dv 



+ hg)e 



hg) = 0. 



For gi, let Wi be a smooth function such that, near dM, wi is the distance 
function to dM w.r.t. gi. We know that ^\dM = —1, where is the unit outer 

normal of gi on dM. Take g2 = e^^^^'^^^g'i with ^4 > being a constant to be chosen 
later. 

Direct computations yield that on dM 

and 

Ricg, = RiCg, - (n - 2)AVl^ {wl) - A{/^g, {wl))gi + (n - 2)A''d{wl) ^ d{wl) 
-{n-2)A'\V{wl)\lg^ 
< Ricg, - A{n - 2)Vl{wf) - A{Ag,{wl))g^, 

(79) 

where in the last inequality, we used a general fact that df ® df < |V/|^j(y'i for any 
function /. The explanation is given as follows. At each x, we take a geodesic 
normal coordinates {xi}'^^^ of gi at x. At x, 

which imphes that df ® df < | V/I^g' since both df ® df and | V/I^g' are symmetric 
(0, 2) tensors. 

For any xq G OM, we take a tubular neighborhood normal coordinates {xj}^^i 
of gi at Xq. Then wi = Xn near xq. At a;o, by = 

^».K-"'^l(|--|-' = v^v^|(.„)^-(v|)[(.„)^i 

= VaV^1(j;„)2]-2i„(v1i)W 

— 2{V _a_Xn)(y _a_Xn) + 2Xn'V _a_'V _d_Xn 

dxj dxj^ dxj dx^ 

= 2(V^a:„)(V^x„) = 25«5f, 

dxj dxi 
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so at xo, 

^iH] = ^iiM'] = 2dXn ® dXn > 0, 

and 

AJwl]=AJ{xrf]=2. 
Substitute the above two into (79). At Xq, we have 

Ricg, < Rtc,,-{n-2)AVl{wl)-A{Ag,{wl))g, 
< Ricg, - 2Agi < CiQi - 2Agi, 

where Ci > is a universal constant depending only on (M", g) and independent of 

Xq. 

Choose A > ^ + ^. Then RiCg^{xo) < —gi{xo), which implies that RiCg^ < —gi 
on dM, hence 

RiCg^ < in a tubular neighborhood of dM. 
By the result in [15] , there is a smooth metric g^ on M such that 
gs = g2 in a smaller tubular neighborhood of dM, 

and 

RiCg^ < on M. 
Clearly, hg^ — hg^ — on dM, and RiCg^ < on M implies that 

-A,3(43)er,cr, vt<i. 

Thus, by the Theorem 1.2, there exists a unique C^'"° metric g^ e [gs] solving 

fi-XgMD) = 0, -KML) e r on M 

^ hg^ = V on dM. 

In particular, we can take (/, F) = ((7n,r„), t — 0, and = 1, = 0. Theo- 
rem 1.3 has been established. ^ 

From the arguments in the proof of Theorem 1.3, it is easy to sec that for 
any smooth compact Riemannian manifold {M'^,g) {n > 3) with some boundary 
including those metrics with positive Ricci tensors, there exists some metric g^ which 
is conformal to g near dM satisfying 

-Xg^{Al^) eTn CT on M and hg^ = on dM. 
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Thus we have the following result 

Theorem 8.1 Let {M'\g) he an n— dimensional (n>3) compact smooth Rieman- 
nian manifold with dM ^ and let f e C^'°<'(r) (0 < a < 1) satisfy (5)-(9). Given 
< e C2'°o(M"), > V e C3'"o(9M) and for any t < 1, there exists a C^'°^o 
solution g which is conformal to g near dM and solves 

r fi-hi^D) = <P, -A5(4) e r on M 
^ hg ^ ip on dM. 
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